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CONTROL OF FIXED POINTS AND EXISTENCE AND UNIQUENESS 

OF CENTRIC LINKING SYSTEMS 


GEORGE GLAUBERMAN AND JUSTIN LAND 

Abstract. A. Chermak has recently proved that to each saturated fusion system over 
a finite p-group, there is a unique associated centric linking system. B. Oliver extended 
Chermak’s proof by showing that all the higher cohomological obstruction groups relevant 
to unique existence of centric linking systems vanish. Both proofs indirectly assume the 
classification of finite simple groups. We show how to remove this assumption, thereby giv¬ 
ing a classification-free proof of the Martino-Priddy conjecture concerning the p-completed 
classifying spaces of finite groups. Our main tool is a 1971 result of the first author on con¬ 
trol of fixed points by p-local subgroups. This result is directly applicable for odd primes, 
and we show how a slight variation of it allows applications for p = 2 in the presence of 
offenders. 


1. Introduction 

Given a saturated fusion system over a finite p-group S, A. Chermak showed how 
to construct a centric linking system for U that is unique up to isomorphism |Chel3] . 
His construction is made possible by a delicate filtration of the collection of U-centric 
subgroups, which makes use of the Thompson subgroup in a critical way, together with 
an iterative procedure for extending a linking system on a given collection of subgroups 
of S' to a linking system on a larger collection. Within a given step of the procedure, one 
is working locally in the normalizer of a p-subgroup, and the problem of carrying out the 
inductive step is reduced to the problem of extending an automorphism of a linking system 
of a constrained group to an automorphism of the group. It is at this place where an appeal 
to the classification of finite simple groups is needed, in the form of the General FF-module 
Theorem of Meierfrankenfeld and Stellmacher [MS12j . 

In a companion paper [01il3] . B. Oliver showed how to interpret Ghermak’s proof in terms 
of the established Broto-Levi-Oliver obstruction theory for the existence and uniqueness 
of centric linking systems |BLOn3bl §3]. The obstruction groups appearing there are the 
higher derived limits over the orbit category of the fusion system, at the level of U-centric 
subgroups, of the (contravariant) center functor Zjr\ 0{J^^) Ab which sends an J^- 
centric subgroup to its center. From the point of view of this obstruction theory, Ghermak’s 
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filtration gives a way of filtering the center functor Zj: so that the higher limits of each 
subquotient functor in the hltration can be shown to vanish. Within Oliver’s proof, the 
problem is again reduced to the case where T is the fusion system of a constrained group, 
and to showing that ^m^ (when p is odd) and 1^^ (when p = 2) of certain explicit 
subquotient functors of the center functor on the orbit category of this group vanish. For 
this, an appeal to the General FF-module Theorem gives a list of the possible groups, and 
then the proof is hnished by examining these cases. 

We study the constrained case in Oliver’s proof of Chermak’s Theorem and give proofs 
of Proposition 3.3 of |01il3] that do not depend on the classihcation of hnite simple groups. 
When taken together with the reduction via Chermak’s hltration to this situation in |01il3] . 
we obtain a classihcation-free proof of existence and uniqueness of centric linking systems 
at all primes. 


Theorem 1.1 (Oliver |Qhl3] ). Let T be a saturated fusion system over a finite p-group. 
Then Zjr = 0 for all k ^ 1 if p is odd, and for all k ^ 2 if p = 2. 


Proof. When p is odd, this follows from the proof of |01il3l Theorem 3.4] and Propo¬ 
sition 13.111 below. When p = 2, it follows from the proof of [011131 Theorem 3.4] and 
Proposition 16.91 below. □ 


It was known very early on that Zjr can be nonvanishing when p = 2. An 

example of this is given by the 2-fusion system of the alternating group Aq, where 
order 2 [011061 Proposition 1.6, Ch.lO]. 

Theorem 1.2 (Chermak [Chel3] ). Each saturated fusion system has an associated centric 
linking system that is unique up to isomorphism. 


Proof. This follows from Theorem II.II together with [BLOOdbl Proposition 3.1]. 


□ 


For a hnite group G, the canonical centric linking system for G at the prime p is so- 
named because it provides a link between the fusion system of G and the p-completion, in 
the sense of Bousheld and Kan, of its classifying space. More precisely, Broto, Levi, and 
Oliver showed that two hnite groups have homotopy equivalent p-completed classifying 
spaces if and only if there is an equivalence of categories between their centric linking 
systems [BLOOda] . The question of whether or not the fusion system alone is enough 
to recover the centric linking system, and thus the p-completed classifying space of the 
group, is known as the Martino-Priddy conjecture. A special case of Chermak’s Theorem, 
the Martino-Priddy conjecture was hrst proven by Oliver [011041101106] by showing that 
Theorem 11.11 holds for the fusion system of a hnite group using the classihcation of hnite 
simple groups. Thus, one consequence of the results in this paper is a classihcation-free 
proof of this conjecture. 

In addition to relying heavily on the reductions of Chermak and Oliver, our arguments 
use variations on techniques of the hrst author for studying when, for a hnite group G 
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acting on an abelian p-group D, some subgroup H controls fixed points in G on D - that 
is, when Cd{H) = Cd{G). In particular, very general conditions were given in |Gla71[ 
Theorem Al.4] under which this holds for a suitable p-local subgroup H of G. This general 
result is the basis for the statement, also found in [Gla71] . that the normalizer of the 
Thompson subgroup “controls weak closure of elements” when p is odd. We refer to §14 of 
[Gla71] for more details on this relationship. 

In order to explain how control of fixed points is helpful in computing limits of constrained 
groups, we fix a finite group T having Sylow p-subgroup S and a normal p-subgroup Y con¬ 
taining its centralizer in T. The filtrations of the center functor that feature in Chermak’s 
proof correspond to objectwise filtrations of the collection of J^-centric subgroups. A col¬ 
lection that is invariant under J^-conjugacy and closed under passing to overgroups 

corresponds to a quotient of the center functor. For such a collection, one can form 
the locality GQ(r) (in the sense of |Ghel3l 2.10]) consisting of those p € T that conju¬ 
gate a subgroup in the collection Q to another subgroup in Q. Now let T = J^ 5 (r). It 
is then known by work of Jackowski-McClure [,TM92j that when Q, is the set of 

subgroups of S containing F, the higher limit of the corresponding quotient 

functor vanishes if A; > 0 and is isomorphic to Cz{Y)iX) when fc = 0. In general, if each 
member of Q contains Y , and 77 is the set of subgroups of S containing Y that are not 
in Q, the long exact sequence in cohomology for a short exact sequence of functors shows 
that l^im = 0 provided that the inclusion 

= Cz(y){T) CziY){C,Q{T)) = l^o^l 

is an isomorphism. Hence ^m ^Z^ = 0 provided some normalizer in T of a subgroup in the 
collection Q controls fixed points in T on Z{Y). This observation essentially completes the 
picture when p is an odd prime, as is shown in l|3l 

For p = 2, the canonical obstruction to having control of fixed points by a 2-local 
subgroup is the symmetric group G = S 3 acting on D = G 2 x G 2 . Here the 2-local 
subgroups are of order 2 and have nontrivial fixed points on D, while G does not. The aim 
for p = 2 is to isolate this obstruction in the case where D is an FF-module for G - that 
is, when G has nontrivial offenders on D (Definition 13.51 below). We define the notion of a 
solitary offender, which is an offender of order 2 having a specified embedding in G with 
respect to a Sylow 2-subgroup. The standard example of a solitary offender is generated 
by a transposition in an odd degree symmetric group acting on the natural module over 
the field with two elements, where the transposition is, in particular, a transvection. Away 
from the obstruction posed by solitary offenders, control of fixed points by the normalizer 
of a nonidentity normal - but perhaps not characteristic - subgroup of a Sylow 2-subgroup 
is obtained in 

Theorem 1.3. Let G he a finite group, S a Sylow 2-subgroup of G, and D an abelian 
2-group on which G acts faithfully. Assume that G has a minimal nontrivial offender on 
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D that is not solitary. Then there is a subgroup J ^ S, generated by offenders and weakly 
closed in S with respect to G, such that Cd{Ng{J)) = Cd{G). 

Proof. This follows from Theorem 14.11 via Lemmas 14.61 and 14.151 □ 

This could be viewed as the main result of ^ although the more detailed information 
contained in Lemmas 14.61 and 14.151 is needed for the remainder. When interpreted, Theo¬ 
rem [O] gives the vanishing of for XF the fusion system of any constrained group T 

as above with D = Z{Y) and G = T /Cy{D) having the prescribed action on H, and with 
TZ those subgroups containing Y whose images in G do not contain offenders on D. 

The results of ^ are then applied to upgrade the vanishing of 1^^ to that of 1^^ away 
from the canonical obstruction, and this is carried out in Theorem 15.41 For this and for 
the remaining arguments we work with the bar resolution for these limits. As a result, 
the arguments involve questions about realizing an automorphism of a locality as an inner 
automorphism of a group, and thus begin to resemble those appearing in Chermak’s paper 
[Chel3j . We hope that the preliminary lemmas of ^will make more clear this connection 
for those who are more familiar with Chermak’s group theoretic approach. 

With a little more work it is seen that in a minimal counterexample, G is generated by 
its solitary offenders on D, and in particular by transvections on r2i(Zl). In this paper, by a 
natural module for a symmetric group (m ^ 3), we mean the lone nontrivial irreducible 
composition factor of the standard permutation module for Sm over the held with two 
elements. This is of dimension m — 1 when m is odd, and of dimension m — 2 when m is 
even. 

The following is Theorem 16.21 below. 

Theorem 1.4. Let G be a finite group and D an abelian 2-group on which G acts faithfully. 
Assume that G has no nontrivial normal 2-subgroups and that G is generated by its solitary 
offenders on D. Then G is a direct product of symmetric groups of odd degree at least three, 
and D/Gd{G) is a direct sum of natural modules. 

Thus, ultimately, the General FF-module Theorem is replaced by an appeal (in the proof 
of Theorem ll.4p to McLaughlin’s classihcation of irreducible subgroups of S'L„(2) generated 
by transvections |McL69] . 

Notation. Conjugation maps and morphisms in fusion systems will be written on the right 
and in the exponent, while cocycles and cohomology classes for functors will be written on 
the left. Groups of cochains are written multiplicatively. However, on some occasions we 
express that a group, or a cocycle or a cohomology class, is trivial by saying that it is equal 
to 0. 
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2. Functors on orbit categories 

In this section, we recall the terminology and constructions in homological algebra that 
are needed. Our choice of notation follows jOhl3] . and we also recall here some of the 
preliminary lemmas on cohomology that we use from that paper. Since we will have very 
little explicit need for the theory of fusion or linking systems, we refer to [AKOll] for the 
dehnitions and basic properties. 

Fix a saturated fusion system T over a hnite p-group S. We say that subgroups P and Q 
of S are P-conjugate if they are isomorphic in P. A subgroup P of S' is fully P-normalized 
if |A^s(P)| ^ |A^s(Q)| for every subgroup Q of S that is P-conjugate to P. The subgroup 
P is P-centric if Cs{Q) ^ Q for every subgroup Q of S that is P-conjugate to P. We 
write P-^ and P"^ for the collection of fully P-normalized and the collection of P-centric 
subgroups of S, respectively. We also use P'^ to denote the full subcategory of P with 
objects the P-centric subgroups. Since morphisms are written on the right, Homj-(P, Q) 
has a right action by Inn((5) for each pair of subgroups P,Q^S. The orbit category 0{P^) 
of P-centrics has as objects the set P'^ and as morphisms the orbits under this action: 

Morc)(jrc)(P, Q) = Homj-(P, Q)/ Inn(Q). 

The class of a morphism ip G Homj-(P, Q) is denoted by [p]. 

The center functor is the contravariant functor Zj^: 0{P'^) —)■ Ab dehned by Zjr[P) = 
Z{P) on objects. For a morphism 93 : P —)■ Q in P, Zjrifpf) is the map from Z{Q) = 
Cs(Q) < Cs(P^) = Z(P^) to Z(P) induced by p-f 

Useful hltrations by subquotient functors of this functor often correspond to hltrations 
of the subgroups of S. Denote by the set of subgroups of S', and by the 

subset of those that contain a hxed subgroup Y ^ S. 

Definition 2.1. A collection TZ C P'(S') is an interval if P G P whenever Pi,P 2 G TZ 
and Pi ^ P ^ P 2 . An interval TZ is P-invariant if P*^ G TZ whenever P ^ TZ and 
p G Homj-(P, S). 

Given an P-invariant interval TZ, dehne the functor Z '^: 0{P‘^) Ab by Z^{P) = Z{P) 
whenever P ^ TZ, and by 1 otherwise. Then Z^ is a subfunctor of Zjr when TZ is closed 
under passing to (centric) subgroups, and a quotient functor of Zjr when TZ is closed under 
passing to overgroups in S' - that is, when S eTZ. 

Following |Ohl3j , we write 

for the higher derived limits of these functors, and we think of them as cohomology groups 
of the category 0{P'^) with coefficients in the functor Z^. They are cohomology groups of 
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a certain cochain complex in which fc-cochains are maps from sequences 

of k composable morphisms in the category. A 0-cochain m is a map sending P G to 

an element u{P) G Z^{P), and a 1-cochain f is a map sending a morphism P Q to an 
element t {[ Lp ]) G Z^(P). We will be working in ^with cochains for Z^ in the case where 
Q is closed under passing to overgroups. With our notational conventions, the coboundary 
maps on such 0 - and 1 -cohains in this special case are as follows: 


( 2 . 2 ) 

(2.3) 


du{[(p]) = 

dt{[^]bP]]) = 


'u{Q)^~\{P)-^ ifPGQ, and 
1 otherwise; and 

iiPeQ, and 

[ 1 otherwise, 


for any sequence P ^ Q ^ R oi composable morphisms in We refer to [AKOlll 
§111.5.1] for more details on the bar resolution for these functors. 


Definition 2.4. A general setup for the prime p is a triple (F, S', Y) where F is a hnite group, 
S is a Sylow p-subgroup of F, and F is a normal p-subgroup of F such that C'r(F) ^ F. A 
reduced setup is a general setup such that F = Cs(Z(Y)) and Op(T/Cr(Z(Y))) = 1. 

We next state the three preliminary lemmas from |Ohl3j that are needed later. 


Lemma 2.5. Let P be a saturated fusion system over a p-group S, and let Q C p^ be an 
P-invariant interval such that S E Q. Let Pq be the full subcategory of P with object set 

Q. 

(a) The inclusion Pq -e P^ induces an isomorphism of cochain complexes C*{0{P^)] Zq) 
— )■ C*{0{Pq); Z^\q), and in partieular an isomorphism L*{P] Q) —)■ L*{Pq] ZqIq). 

(b) If (F, S', F) is a general setup, P = J-s'(F), and Q = ^(S') 3 .y, then 

Q) = I= 0; and 
[O otherwise. 

Proof. This is Lemma 1.6 of |01il3j . with the additional information in part (a) shown in 
its proof. □ 

Part (b) of the following lemma gave us the hrst concrete indication that questions 
regarding control of hxed points by p-local subgroups would be relevant to Theorem 11.11 
It is the starting point for nearly all the arguments to follow. 


Lemma 2.6. Let P be a saturated fusion system over a p-group S'. Let Q,IZ Y p^ he 
P-invariant intervals sueh that 


(i) Qnn = 0, 

(ii) Quiz is an interval, 

(hi) Q E Q, R eLZ implies Q ^ R. 
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Then is a subfunctor of Zj^'^jZ'j = Zj, and there is a long exact sequence 

0 ^ 7^) ^ Q U 7^) Q) ^ ■ 

Q) L\J^- 7^) ^ L\J^- Qun)-^L\J^-Q)^--- . 

In particular, if {T, S, Y) is a general setup, D = Z{Y), T = -7^s(r) and QUIZ = Z^{S)^y, 
then 

(a) Q) ^ L^(J^;7^) for each k ^ 2, and 

(b) there is a short exact sequence 

1 ^ c'B(r) ^ Coin L\j^;n) 1, 

where F* is the set of g eT such that there exists Q E Q with E Q. 

Proof. This is nearly Lemma 1.7 of [01il3j . Our part (a) is stated in the situation of a 
general setup, and it follows from the long exact sequence and Lemma [2.5l bh □ 

Lemma 2.7. Let (F, S, Y) be a general setup, Fq a normal subgroup o/F containing Y , and 
Sq = S'nFo- Set T = .Ts(F) andlpQ = J^s'g(Fo). Let Q C 5^[S)y be an IF -invariant interval 
such that S E Q, and such that FofiQ E Q whenever Q E Q. Set Qo = {Q G Q | Q ^ Fq}. 
Then restriction induces an injection 

L\J^-, Q)^L\To-,Qo). 

Proof This is Lemma 1.13 of |01il3] . □ 

3. The norm argument and the odd case 

For a hnite group G with action on an abelian group V (written multiplicatively), and a 
subgroup H of G, the norm map 91^: Gv{H) -E Gv{G) is dehned by 

5igw= n 

g&[G/H] 

for each v G Gv{H), where denotes the image of v under g, and where [G/H] is a set of 
right coset representatives for H in G. We say that 91^ = 1 on V ii this map is constant, 
equal to the identity of V. Since 91^ = 91^91^ whenever H ^ K ^ G, one sees that 
<ng = 1 on V whenever either of 91^ or 91^ is 1 on V. 

In this section, we give some sufficient conditions for determining that the norm map 
91§ is constant for suitable p-local subgroups H of G, and then apply these results in 
Proposition 13.111 to obtain a proof of Theorem 11.11 for odd primes. 

A subgroup A of G acts quadratically on V if [V, A,A\ = 1 but [V, A] ^ 1. In particular, 
when V is elementary abelian, each element of such a subgroup has quadratic or linear 
minimum polynomial in its action on V. 

Lemma 3.1. Suppose that A is a p-group acting on an elementary abelian p-group V. 
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(a) if p is odd and A acts quadratically on V, then = 1 on V for every proper 
subgroup Aq of A. 

(b) if p = 2, then = 1 on V for every subgroup Aq of A satisfying one of the 
following eonditions: 

(i) \A : Aq\ ^ 2 and Cv{Ao) = Cv{A), or 

(ii) \A : AqI ^ 4 and A acts quadratically on V. 

Proof. We view elements of A as endomorphisms of V. Suppose first that p is odd. Let 
Aq ^ v4i ^ A with Ai of index p in A, and a & A — Ai. Then (1 — a)^ = 0 in End(ld) by 
assumption and pa = 0 in End(ld) since V is elementary abelian. Hence 

for all V e Cy(Hi), since p — 1 ^ 2. 

Let p = 2. Under assumption (i), choose coset representatives {l,a} for a maximal 
subgroup Ai of A containing Aq, and then AV^^{v) = vv°‘ = = 1 for all v G Cv{Ai) = 

C'y(H), since V is elementary abelian. Under assumption (ii), £x a subgroup Ai containing 
Ho with index 4 in H and choose coset representatives for Hi in H as {1, a, b, ab} for suitable 
a,b G H — Hi. Then 1 + a + 6 + a6 = (1 — a)(1 — 6) = 0 in End(U) since the action is 
quadratic, and so = 171 +“+^+“^ = 1 for all v G C'y(Hi) as required. □ 

Theorem 3.2. Suppose G is a finite group, S G Sylp(G), and D is a p-group on which 
G acts. Let A be a nonempty set of subgroups of S, and set J = (H). Assume that J is 
weakly closed in S with respect to G and that 

(3.3) whenever A E A, g & G, A ^ , and V is a composition factor of D under 

G, then = 1 onV. 

ThenGD{NG{J)) = GD{G). 

Proof. This is Theorem Al.4 of |Gla71] . □ 

We refer to Theorem 13.21 and also to Theorem 14.11 below, as the norm argument for 
short. It is usually applied with p odd and in the presence of quadratic elements in G on 
D (cf. Lemma [3H]f aH. 

Definition 3.4. For a general setup (T, S, Y), set D = Z{Y) and G = T /Gr{D). Let A be 
a set of abelian subgroups of G that is invariant under G-conjugation. For any subgroup 
iL of G, set H n iL = {H G H I H ^ H} and Ja{H) = {An H). For a subgroup H of T, 
we let Ja{H,D) be the preimage in H of Ja{HGy{D)/Gy{D)). Often Ja{H,D) will be 
abbreviated to Ja{H) when D is understood. 

The collection A of Dehnition 13.41 will generally be some subset of the collection of 
nontrivial best offenders in G on D, as defined below. 
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Definition 3.5. Let G be a finite group and let D be an abelian p-group on which G acts 
faithfully. An abelian p-subgroup A ^ G is an offender on D if 

|A||G,,(A)|^|D| 


and a best offender if 


|A||G^(A)|^|i?||G,,(i?)| 

for every subgroup B ^ A. An offender A is nontrivial if A 7 ^ 1. We write Ad{G) for the 
collection of nontrivial best offenders in G on D. 


A best offender is, in particular, an offender, as can be seen by taking B = 1 in the 
above definition. Conversely, each nontrivial offender A contains a nontrivial best offender, 
which can be obtained as a subgroup B such that the quantity \B\\C£){B)\ is maximal 
among all nontrivial subgroups of A. In turn, by the Timmesfeld Replacement Theorem 
[Tim82] , each nontrivial best offender contains a nontrivial quadratic best offender, namely 
a best offender that acts quadratically on D. We include a short proof of this, using the 
Thompson Replacement Theorem, in the form which is needed here. 

Lemma 3.6. Suppose A is a nontrivial offender on D. Let B be a nontrivial subgroup 
of A that is minimal under inclusion subject to \B\\Cd{B)\ ^ |A||Gi:)(A)|. Then B is a 
quadratic best offender on D. 

Proof. It follows from the choice of B that R is a best offender, so we need only show 
that it acts quadratically on D. We work in the semidirect product DB, where we set 
C = BCn{B). 

We first show that G is an abelian subgroup of DB of maximum possible order. Suppose 
that Cl is an abelian subgroup of DB such that |Gi| ^ |G|, and let Bi be the image of Gi 
under the projection of DB onto B. Then Gi fl R ^ Cd{Ci) = Cd{Bi), and so 

|G| ^ |Gi| = |Gi/(GinR)||GinR| = |Ri||GinR| ^ \Bi\\Cd{Bi)\ ^ |R||Gb(R)| = |G| 

with the last inequality since R is a best offender on D. Therefore equality holds every¬ 
where, which yields 

(3.7) Gi n R = Cd{Bi) and |Gi| = |G| = |RiG,,(Ri)| = |R||Gb(R)|. 

This shows that G is an abelian subgroup of maximal order in DB. 

Note that if R normalizes G, then [R, G] ^ G and so [R, R, R] = [R, G, G] ^ [G, G] = 1 
since G is abelian. Hence R acts quadratically on R in this case. 

Suppose that R does not normalize G. Then by Thompson’s Replacement Theorem 
[GorSni Theorem 8.2.5], there exists an abelian subgroup Gi of DB such that |Gi| = |G|, 
Gi n R > G n R, and Gi normalizes G. Take Ri as above. Then by (13.7p . 

|Ri||Gz,(Ri)| = |R||Gz,(R)| 


Ril = |R||G,,(R)|/|Gb(Ri)| = |R||GnR|/|GinR| < |R 


and 
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By the minimal choice of B, we have that Bi = 1 and therefore that Ci = C'd(-Bi) = 
D. This shows that D normalizes C, a contradiction which completes the proof of the 
lemma. □ 

Lemma 3.8. Let {r,S,Y) be a general setup for the prime p, set D = Z{Y), and use 
bar notation for images modulo Cr{D). If Q is a subgroup of S containing Cs{D), then 
N^)=Nf{Q). 

Proof. Let N be the preimage of iVp(Q)- Then Cr{D)Nr{Q) ^ N and we must show that 
N ^ Cr{D)Nr{Q). Now QCr{L)) is normal in N, and QCr{L)) H S = QCs{D) = Q is a 
Sylow p-subgroup of N. By the Frattini argument, 

N = {QCr{D))NN{Q) ^ QCt{D)Nt{Q) = Cv{D)Nr{Q) 

as desired. □ 

The following proposition is a generalization of |Ohl3[ Proposition 3.2] for odd primes. 

Proposition 3.9. Let {r,S,Y) be a general setup for the prime p. Set D = Z{Y), G = 
V/Cy{D), and IF = J^s'(r). Let A be a G-invariant collection of p-subgroups of G, each 
of which acts nontrivially and quadratically on D. Let IZ C be an IF-invariant 

interval such that Y eH and Ja{S) ^ TZ. If p is odd, then L^{IF]TZ) = 0. 

Proof. Set Q = IZ[S)^y — IZ. Let T* be the subset of T consisting of those p G T for which 
there is Q E Q with E Q. Then Q and IZ are J^-invariant intervals that satisfy the 
hypotheses of Lemma 12.61 so 

(3.10) it suffices to show that C'p)(r) = Cp)(r*) 

by part (b) of that lemma. 

As each element of A acts quadratically on D, Lemma lffiTlf a) shows that fl3.3p is satished. 
Hence, Cp)(r) = C'p)(iVr( Jyi(S'))) by Theorem 13.21 and Lemma iTSl (where the latter applies 
by Dehnition l3.4|) . Since Ja{S) G Q by assumption, we have Ar(Jyi(S')) ^ T*. Hence 

C'n(r) = c',,(iVr(j^(^))) ^ ^ 

and fl3.10p complete the proof. □ 

When compared with |Ohl31 Proposition 3.2], the increased generality of Proposition [33] 
allows some simplihcations in obtaining |Qlil31 Proposition 3.3] when p is odd. We point 
out those simplihcations now. 

Proposition 3.11. Let (P, S', H) be a general setup for the prime p. Set IF = 

D = Z(Y), and G = T/Gy{D). Let IZ C ^(S')^y be an F-invariant interval such that for 
all Q E y{S)^Y, Q E IZ if and only if Jad{g){.Q) ^ I^- If P is odd, then L^{F]IZ) = 0 for 
all k ^ 1. 
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Proof. Let (L, S, F, TZ, k) be a counterexample for which the four-tuple (fc, |r|, |r/F|, \7Z\) is 
minimal in the lexicographic ordering. Steps 1 and 2 in the proof of |01il3[ Proposition 3.3] 
show that 7Z = {P ^ S \ Jad{g){P) = ^} and k = 1 (since p is odd). 

Let A be the set of nontrivial best offenders in G on D that are minimal under inclusion. 
Each best offender contains a member of ^ as a subgroup, and so Jad{g){.P) G 7?. if and 
only if Ja{P) ^ P- By Lemma [3.61 each member of A acts quadratically on D. 

If S' G 7^, then TZ = y'{S)^Y since TZ is an interval, and L’^{J-'-,TZ) = 0 for all fc ^ 1 
by Lemma l23f b). Hence S ^ 7Z and so Ja{S) ^ P. Now Proposition 13.91 shows that 
(P, S, F, 7Z, 1) is not a counterexample. □ 

4. Norm arguments for p = 2 

In this section, we dehne the notion of a solitary offender and prove the lemmas necessary 
to obtain Theorem ll.3l These results are used in l|5]to give a proof of |OIil31 Proposition 3.2] 
except in the case where every minimal offender under inclusion is solitary. 

The following version of Theorem 13.21 is easier to apply in applications for p = 2. The 
proof is very similar to that of Theorem 13.21 and is given in Appendix lAl 

Theorem 4.1. Suppose G is a finite group, S is a Sylow 2-subgroup of G, and D is an 
abelian p-group on which G acts. Let A be a nonempty set of subgroups of S, and set 
J = (.4,). Let H be a subgroup of G containing Ng{J). Set V = QfiD). Assume that J is 
weakly closed in S with respect to G, and 

(4.2) whenever A E A, g E G, and A ^ , then = 1 onV, 

or more generally, 

(4.3) whenever g E G and J ^ LI^, then ‘^'jr^ns = 1 onV. 

ThenGniH) = Gd{G). 

Throughout the remainder of this section, we fix a hnite group G, a Sylow 2-subgroup 
S of G, an abelian 2-group D on which G acts faithfully, and we set V = 

Definition 4.4. Set 

Ai)(G) = {A E Ad{G) I |A||Gd(A)| > |77|}, 

the members of which are sometimes called over-offenders. 

Denote by Ad{G)° the set of those members of Ad{G) that are minimal under inclusion, 
and denote by Ad{G)° those members of Ad{G) that are minimal under inclusion. 

For a positive integer k, write 

'4 d(G)2 = {A E Ai:){G) \ |A| = 2}; and 
An{G)l, = {A e AniGY \ |A| ^ 4}. 
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It may help to reiterate that a member of Ad{G)°, while minimal under inclusion in the 
collection Ad{G), may not be minimal under inclusion in Ad{G). By Lemma 13.61 each 
member of Ad{G)° acts quadratically on D. 

Remark 4.5. Assume G is faithful on D and p = 2. If A G Ad{G) 2 -, then \D/Gd{A)\ = 2. 
In particular, every member of Ad{G) is of order at least 4. 

Lemma 4.6. Let A = AoiG)"^^ U Ad{G)°. Assume that A is not empty and H is a 
subgroup of G containing Ng{Ja{S)). Then An S satisfies fl4.2p . 

Proof. Fix A G A n S' and g E G with A ^ H^, and let Aq be a subgroup of A of index 2 
that contains A fl H^. Suppose 1 Since have 

C'y(A) < Gv{Aq) by Lemma [3 A 1 It follows that 

(4.7) D„||Cb(/1„)| 2\Cn(A)\ = |/1||Cd(/4)|. 

If A G Ad(G')^ 4 , then A is a best offender minimal under inclusion subject to A 7 ^ 1, so we 
have Aq = 1 and |A| = 2 . This contradicts |A| ^ 4. Hence A G Ad{G)° and in particular 
|A| ^4. But then Aq G Ad{G) by fl4.7p . contradicting the minimality of A. □ 

Lemma 4.8. Let A = Ad{G) 2 . Assume that Ad{G) = 0 and that A,B E A. Then 

(a) if [A, B] = 1 and Afi^B, then C'd(A) 7 ^ Gd{B) and AB is quadratic on D; 

(b) if {A,B) is a 2-group, then [A,B] = 1; 

(c) Ja{S) is elementary abelian; and 

(d) if [A,B] 7 ^ 1, then L := {A,B) = S 3 , [D,L] is elementary abelian of order 4, and 
D=[D,L]xGd{L). 

Proof. Since A and B lie in Ad{G) 2 , 

(4.9) [D,A,A] = 1 = [D,B,B] and \D/Gd{A)\ = 2. 

Suppose that [A, B] = 1 and A B, but that Gd^A) = Gd{B). Then AB is of order 4 
and so Gd{G) = Gd{A) for every nontrivial subgroup G of AB. Since 

|AR||C',,(AR)| = |A||R||C',,(A)| = 2\D\ > \D\, 

we have AB E Ad{G) contrary to assumption. Thus, the hrst statement of (a) holds. 
Since A G A, [T*,A] is R-invariant and of order 2. Thus [D,A,B] = 1. By symmetry 
[D,B,A] = 1. By a commutator identity and fl4.9l) . [D,AB,AB] = 1, which establishes 
the second conclusion of (a). 

Suppose that X := {A,B) is a 2-group and A B. Then \D/Gd{X)\ = 4, and X acts 
on D/Ge>{X). Since X is a 2-group, there is an X-invariant Di with Gd{X) < Di < D. 

Set G = [A,B] and suppose that C 7 ^ 1. Provided it is shown that [D,A,B] = 1 = 
[D, B, A], then the Three Subgroups Lemma gives [G, D] = [A, B,D] = 1 and consequently 
the contradiction that C* = 1 by faithfulness of the action. Thus, we may assume that 

(4.10) [D,A,B][D,B,A]^l. 
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Since Di is X-invariant and D/Di is of order 2, we have ^ -Di and [D,B\ ^ Di. 

Also, Cd{X) ^ Cd{A). If Cd{A) ^ Di, then [D,A] ^ Cd{A) n Di ^ Cd{X), and 
hence [D,A,D] = 1. Similarly, if Cd{B) ^ Di, then [D,D,A] = 1. Without loss 
of generality we may assume Cd{A) = Di by (Id.lOp . Then [Cd(A),A, D] = 1, and 
[Cd{A)^B^A\ = 1 as Cd{A)/Cd{X) is of order 2 and X-invariant. By the Three Sub¬ 
groups Lemma, [C'£)(A),C'] = 1 and so Cd^A) ^ CDiC). But then 

(4.11) Cd{A) = Cd{C) 

because C ^ 1 and the action is faithful. Hence C & A since Ad{G) = 0 . In particular 
\C\ = 2 and [A, C] = 1. Now (H.llh contradicts part (a) since A 7 ^ C, so (b) is established. 
Part (c) then follows immediately from (b). 

To prove (d), let L = (A, B). Then L is a dihedral group, and L is not a 2-group by (b). 
Let K be the largest odd order subgroup of the cyclic maximal subgroup of L. Then 

|D/C',,(X)| ^ |D/C',,(L)| ^ |D/C'b(A)||D/C',,(D)| =4. 

Since K has odd order and D is a 2-group, K acts faithfully on D/Cd{K) and D = [D, K] x 
Cd{K). So D/Cd{K) is elementary abelian of order 4, \K\ = 3, and Cd{K) = Cd{L). 
Hence L acts faithfully on [D, K], As Aut([D, K]) = As, we see that L = S 3 . □ 

Definition 4.12. Let A = Ad(G') 2 , J = Ja{S), and T G An S'. We say that T is solitary 
in G relative to S if there is a subgroup L of G containing T such that 

(51) L = S 3 ; 

(52) J = Tx Gj{L) and Gj{L) = ((A n ^) - {T}); and 

(53) D = [D,L] X Gd{L) and [D,L,Cj(L)] = 1. 

For a subgroup So of S', we say that T ^ So is semisolitary relative to So, if there are 
subgroups W and X of D that are normalized by (A n S'o), such that 

(552) (A n Ao) = T X ((A n S'o) - {T}); and 

(553) W is elementary abelian of order 4, D = ITxX, T centralizes X, and (AnS'o —{T}) 
centralizes W. 

Denote by Td{G) the collection of subgroups of G that are solitary relative to some 
Sylow 2-subgroup of G. Likewise, a member of Ad{G )2 is said to be semisolitary if it is 
semisolitary relative to some Sylow 2-subgroup of G. 

Remark 4.13. If Ad{G) = 0 , then given a subgroup T which is solitary in G relative to 
S, and given L as in Dehnition 14.121 we may take W = [D,L] and X = Ge>{L) and see 
from Lemma fl.Sf di that T is semisolitary relative to S. 

A solitary offender is of order 2 (by dehnition), and thus is generated by a transvection 
when D is elementary abelian. If G = S '3 and D = G 2 XG 2 , then one may take L = G to see 
that each subgroup of order 2 in G is solitary. More generally, if G a symmetric group of odd 
degree and D is a natural module for G, then each subgroup generated by a transposition 
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is solitary. Indeed, given a Sylow 2-subgroup S oi G containing the transposition, L may 
be taken in this case to move only three points, namely the two points moved by the 
transposition and the unique point hxed by S. On the other hand, (S2) implies that 
SLn{2) in ^ 3) and even degree symmetric groups, for example, have no solitary offenders 
on their respective natural modules, despite being generated by transvections. We refer 
Lemma 16.11 for more details. 

There is no “(SSI)” in Dehnition 14.121 because we view (SS2) and (SS3) as weakenings 
of (S2) and (S3). The reader should view the introduction of semisolitary offenders as aux- 
illiary. They are used in relative sitations when the connection between solitary offenders 
in G and those in a subgroup H is difficult to ascertain. The following elementary lemma 
addresses a similar uncertainty. 

Lemma 4.14. Assume that Ad{G) = 0 . Then Td{G) 0 S is the set of subgroups that are 
solitary in G relative to S. 

Proof. One containment follows from the dehnition. For the other containment, set A = 
Ad{G )2 and assume T G 7i?(G) OS'. Suppose T is solitary relative to the Sylow 2-subgroup 
Si of G, and let G G with Sf = S. Set Ji = (.4. O Si) and J = (4. O S'). Then Ji is 
elementary abelian by Lemma [4.8[ and ^ Jf = .J. Fix a subgroup Li = S's containing 
T so that (S1)-(S3) holds with Si and Ji in the roles of S and J, respectively. Since J is 
abelian and weakly closed in S with respect to G, there is h G Ng{J) with = T (by 
Lemma fB.ip . Setting L = one establishes the validity of (S1)-(S3) in Dehnition 14.121 
for L, S, and J from their validity for Li, Si, and Ji. □ 

The following lemma will be applied later with J* equal to the subgroup generated by 
members of Ad{G )2 H S that are not semisolitary relative to S. 

Lemma 4.15. Set A = 4 ,d(G)2 , T = Td{G), and B = A — T. Assume 

(a) .4.d(G) = 0 ; and 

(b) B^ 0 . 

Then for each subgroup J* ^ Jb{S) that is weakly closed in S with respect to G, 4, fl S' 
satisfies (14. 3 h with H = Ng{J*). 

Proof. Set J = Ja{S) for short, and let J* be a subgroup of Jb(S') that is weakly closed 
in S with respect to G. Then J* ^ Jb{S) ^ J since B 0 A, and all of these are weakly 
closed in S with respect to G, since A and B are G-invariant. From (a) and Lemma [4. 8 f cl 

(4.16) J is elementary abelian. 

Since J* is weakly closed, 

(4.17) S ^ Ng{J) ^ Ng{J*) = H. 

Assume (14.311 is false. That is, let G G with J ^ set / = J fl H^, and suppose 
91/ ^ 1 on D. 
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Suppose first that | J : ^ 4. Let Jo be a subgroup of J with I ^ Jq and | J : Jo| = 4. By 

(I4.16p . and since J is generated by members of JId(G) 2 , we may write J = JqX Ax B with 
A^BeA. Then 94/ = and so ^ 1 onV. However, AB acts quadratically on 

Cf(Jo)/C'f(J) by Lemma iTSlf a). Thus, 94/^ = 1 on H by Lemma lTlT b)(ii). a contradiction. 
We conclude that 

(4.18) |J:/|=2. 

Fix T E A with J = IT = I x T. Let H e Jl fl S' and suppose that A ^ T. Let 
B = AT n I. Then B is of order 2 and \D/Cd{B)\ < \D/Cd{A)\\D/Cd{T)\ = 4. If 
\D/Cd{B) \ = 4, then 

Cd{I) ^ Cd{B) = Cd{A) n Cd{T) ^ Cd{T). 

Consequently, J = IT centralizes Cd^I), and Cd{I) = Cd^J). Hence, also Cv{I) = Cv{J)- 
So 94/ = 1 on H in this case by Lemma iTU bi til. a contradiction. Thus, \D/Cd{B)\ = 2. 
That is, B E A. This shows 

(4.19) if H G Jl n S, then H = T or there exists B E An I such that AT = BT. 

In particular, J = fl S) = fl I)T, and so 

(4.20) i={Ani). 

Recall that / = J fl so that P ^ ^ H. Let h E H such that P ^ S. Then we 
have 

p-^>^ = {An IY~"^ ^ n S) = J 

by (14.201) . As we may replace g by h~^g for convenience so that 

(4.21) I = JnH^ ^JnP. 

We now show that T is solitary in G relative to S. Since J^ Y Ji we may choose 
U E {An Sy such that U ^ J. Then U ^ P. Let L = (T, U). Since T ^ J and J is 
abelian, 

(4.22) [yL] = l 
by (0211). 

We hrst show that T and U do not commute. Suppose on the contrary that [T, U] = 1. 
Then JL is a 2-group generated by members of Jl, and hence is conjugate to a subgroup of 
J. Then since J = IT ^ IL, we see that J = IL. Thus U ^ L ^ J, contrary to the choice 
of U. 

Thus, 

(4.23) L ^ S 3 , \[D,L]\ = 4, and D = [D,L] x Cd{L) 

by (a) and Lemma ITTSlf di. Further, Cj{L) = / by the structure of L, and so J = T x Cj{L) 
by iKm . 
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Since [D^T] is of order 2 and /-invariant, J] = 1. Since P = I and [D,T^] = 

[D,TY ^ Cd{P) = Cd{I) for every x E L, 

(4.24) [D,L]^Cn{I) = CD{Cj{L)). 

We have shown that (SI), (S3), and half of (S2) hold in Dehnition 14.121 it remains to prove 
that for each A G ^ fl S', either A = T or A ^ I. Fix A G Si fl S and suppose that A ^ T 
and A is not contained in I. By fl4.19p . there is B E Ad I with AT = BT. By fl4.24p . B 
centralizes [D,L\. From Cd{L) ^ CniT) and fl4.23p it follows that 

Cn{A) = C[n,L]iT) x (C'^(L) n CniB))- 

Therefore, 

\DICo(A)\ = |Cd(L)/(Cd(L) nCD(B))| • ||B,L]/C[D,Li(r)| = 2-2 = 4 

contrary to A E A. This contradiction shows that SlflS — {T} = Sln / and together with 
fl4.20p completes the proof of (S2). Thus, T G T. 

Recall that J* ^ Jb{S) where B consists of the members of A that are not solitary in G 
relative to S. We have just shown that Jb{S) ^ / ^ so that {J*y ^ ^ /b(S)^ ^ ^ J. 

Since J* is weakly closed in S with respect to G, it follows that g E Nc{J*) = H and 
consequently that J ^ H = . This contradicts the choice of g and completes the proof 

of the lemma. □ 

Lemma 4.25. Let T he a subset of AD{G) 2 r\S and y = {[-D, T] | T G T}. Fix A E Ad{G) 
and set B = GA{{y))- Assume that every member ofT is semisolitary relative to S. Then 

(a) {y) is the direct product of [D^T] for T E T; and 

(b) if A acts transitively on T by conjugation, then either A = B, or |3^| = 2, B has 
index 2 in A, Gd{A) has index 2 in Gd{B), and each element of A — B induces a 
transposition on T■ 

Proof. Whenever T eT, set Zt = [D,T] for short. To prove (a), 

(4.26) it suffices to show that Zt H Zr = 1 for each T E T. 

R^T 

For each R in T, let Wr and Xr be as in Definition 14.121 in the roles of W and X. For 
each R E T, 

Zr = [D, R] = [WrXr, R] = [W^, R] ^ Wk, 
so for each T E T different from R, 

(4.27) Zr = [D, R] = [WtXt, R] = [Xr, R] ^ Xr, 

since R centralizes Wr and normalizes Xr by Dehnition 14.121 Therefore, 

Zr n Zr ^ Wr H Xr = 1, 

R^T 


by (SS3) and part (a) now follows from fl4.26l) . 
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Assume A acts transitively on T by conjugation. Then A acts on y in the same way. 
Now (y) is a transitive permutation module for A by part (a), so |C(;y)(A)| = 2. Suppose 
A> B and set m = \A/B\. Then |3^| = m > 1 and |A||C'D(y4)| ^ \B\\Cd{B)\, so that 

(4.28) m = \A/B\ y \Cn{B)/Cn{A)\ ^ \C^y^{B)/C^y){A)\ = 2^/2. 

Hence m = 2 and equality holds in (14.281) . so \Cd{B)/Cd{A)\ = 2. Since A G Ad{G)^ an 
element oi A — B must act as a transposition on y and on T. □ 

Lemma 4.29. Let P ^ S and let T P Ab(G )2 n P be the collection of semisolitary 
subgroups relative to P. If A ^ Ad{G) normalizes P, then A normalizes every element of 

T. 

Proof. Let 3^ = {[D,T] \ T G T}, let B = C'a(((V)), and set Zt = [D^T] whenever T eT, 
for short. By assumption A acts on T. By Lemma r4.25f b). each orbit of A on T has size at 
most 2. We assume that {T, i?} is a nontrivial orbit and aim for a contradiction. Since T is 
semisolitary relative to P, we may choose subgroups W and X of D such that D = W x X, 
\W\ = 4, T centralizes X, [IT, T] = Zt = Gw{T), and R centralizes W. 

We claim that Gw{A) = 1; assume otherwise. Since A transposes Zt and Zr and 
T does not centralize W , it follows that that T does not centralize Gw{A). Therefore, 
[C'vi/(A), T] = Zt and so for a G A — Na{T), 

Zr = {ZtT = [Gw{A),T^] = [Gw{A),R] ^ [W,R] = 1, 

a contradiction. Thus Gw {A) = 1. Since |1T| =4, we have 

\GD{B)/GD{A)\yA 

contrary to Lemma 14.251 □ 

5. Reduction to the transvection case 

For this section, we fix a hnite group T with Sylow p-subgroup S', we set P = J^ 5 (r), 
and we let Q C be an J^-invariant interval such that S E Q. In this situation, define 
T* to be the set of elements of T that conjugate some member of Q into Q. 

The objective of this section is to give a proof of |01il3l Proposition 3.2] in the case 
where some minimal offender under inclusion is not solitary. This result is obtained in 
Theorem 15.41 

We say that a 1-cocycle for the functor is inclusion-normalized if it sends the class 
[tp] G Morc)(^c)(P, Q) of any inclusion ip to the identity element of Z{P) for each P,QeQ. 

In what follows, we only specify 0- and 1-cochains for the functor on subgroups in 
Q, and it is to be understood that they are the identity on P-centric subgroups outside Q. 
Alternatively, apply the isomorphism of cochain complexes in Lemma 12.5f a) to view these 
cochains as restrictions to the full subcategory of 0(P‘^) with objects in Q. 

The reader may wish to recall the coboundary maps for 0- and 1-cochains in our right- 
handed notation from fl2.2p and fl2.3p . 
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Lemma 5.1. Each 1-cocycle for is cohomologous to an inclusion-normalized 1-cocycle. 
Ift is an inelusion-normalized 1-cocyele, then 

(a) t([v9i]) = t{[(p 2 \) for each commutative diagram 



in IF among subgroups of Q; 

(b) the function r: F* —)■ F* defined by the rule 

9^ = t{[cg])9, 

is a bijection that restricts to the identity map on S, and 

{9192---gnY = 9l9l---9l 

for each collection of elements gi G F* with the property that there is Q G Q such 
that e Q for all 1 ^ i ^ n; and 

(c) t = 0 if and only if r is the identity on F*. 

Proof. Given a 1-cocycle for Z®, define a 0-cochain u by u{P) = t([ip]) for each P & Q. 
Then for any inclusion ip in F with P,Q ^ Q, we see that 

du{P Q) = u{Q)u{P)-^ = t([tQ])t([ip])"\ 

so that 

{tdu){P ^Q)= t{[i%t{[i^])t{[Yp])-^ = t([4])t([4])"^ = 1 
by the 1-cocycle identity. Hence, t du is inclusion-normalized. 

Assume now that t is inclusion-normalized, and let Pj, Qi, and (pi be as in (a). Since t 
sends inclusions to the identity, the 1-cocycle identity yields 

and so (a) follows by commutativity of the diagram. 

Let r be given by (b). Since g G F*, the conjugation map Cg: fl S' —)■ S' fl is a map 
between subgroups in Q. Part (a) shows that t{[cg]) agrees with the value of t on the class 
of each restriction of Cg provided that the source and target of such a restriction he in Q. 
This shows that r is well dehned. Then r is a bijection since its inverse is induced by t~^ 
(which is inclusion-normalized) in the same way. Further, for s E S, [c*] = [id^] is the 
identity in the orbit category, and so r is the identity map on S, since t is normalized. 

Let gi,g 2 G F* and Q E Q with ^ S and ^ S. Then by the 1-cocycle identity, 

9l92 = t{[cgi])9i t{[cg2])g2 = t{[cg,])t{[cg^]Y^' gig2 = tifcg^Cgff) gig2 = (^ 1 ^ 2 )^- 
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Now (b) follows by induction on n. Part (c) is clear. □ 

The function r of Lemma ISTT bi will be called the rigid map associated with the inclusion- 
normalized 1-cocycle t. 

Lemma 5.2. Let t he an inclusion-normalized 1-cocycle for the functor and let r he 
the rigid map associated with t. 

(a) For each Q E Qd , there is z E Z{Ns{Q)) such that r is conjugation hy z on 

Nt{Q); 

(b) if z E Z{S) and u is the constant 0-cochain defined by u{Q) = z for each Q E Q, 
then du is inclusion-normalized and the rigid map v associated with du is conjuga¬ 
tion by z on P*; and 

(c) if C Z is a conjugation family for T and r is the identity on Ny{Q) for each 
Q E C d Q, then r is the identity on P*. 

Proof. We give two proofs for part (a). The hrst one uses elementary group-theoretic 
arguments and the norm map, and is given by Lemma [B.2I in the appendix. The second is 
modeled on part of the proof of [AO VI2 1 Lemma 4.2] and given now. From Lemma l5dT b). 
r induces an automorphism of Nr{Q) that is the identity on Ns{Q). By |OVn9| Lemma 1.2] 
and its proof, there is a commutative diagram 

(5.3) 1-- ZHOutr(g); Z{Q)) ^ Aut(Vr(g), g)-- Aut(g) 

1-- H\Ontr{Qf Z{Q)) — Out(Vr(g), g) -- Out(g) 

with exact rows, where Aut(Vr(g),g) is the subgroup of automorphisms of A"r(g) that 
leave Q invariant (and similarly for Out(Vr(g), g)). Also, fj maps the restriction of t (to 
Outr(g)) to the restriction of r to Ny-{Q). The restriction map FI^{Ontjr{Q)] Z{Q)) -E 
{Onts{P)] Z{P)) is injective since 0ut5(g) is a Sylow p-subgroup of Out_ 7 r(g) by as¬ 
sumption on g. Hence t represents the zero class in {Outjr{P)] Z{P)) since t is zero 

on 0ut5(P). It then follows from fl5.3p that r induces an inner automorphism of N-p{Q). 
Hence r is conjugation by an element in Z{Ns{Q)), since Q E and r is the identity on 
NsiQ). 

[‘■p] 

With u as in (b), we see that du{P —^ Q) = u{Q)u{P)~^ = zz~^ = 1, for any inclusion 
among subgroups when P E Q (and when P ^ Q by (12.2p ). Also, for p G P*, 

g^ = du{[cg])g = z~h^ ^g = g^ 

so (b) holds. 

Part (c) follows directly from Lemma ISTl bi: we give the details. Fix a conjugation family 
C C pf, and suppose that r is the identity on Ny{T) for each T E C. Fix g E F*, and 
choose Q E Q with g® ^ S. Then there are a positive integer n, subgroups Ti,... ,Tn E C, 
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and elements Qi G iVr(Tj) snch that g = gi---gn, Q ^ Ti, and ^ Tj+i for each 

i = — 1. AsQis J^-invariant and closed nnder passing to overgronps, Ti & Q for 

each i. Since r hxes gi for each i by assnmption, r hxes g by Lemma fb.lf b). □ 

Theorem 5.4. Let{V,S,Y) be a reduced setup for the prime 2. Set D = Z(Y), if = iFsi^), 
G = T/Cr{D), A = Ad(G)° U AniGy, T = JhiG), 13 = A - T, and 

n = {Pe y{ShY I Ja{P) = Y}. 

Assume B is not empty. Then = 0. 

Proof. If 7^ = y{S)^Y, then L^{P;7l) = 0 by Lemma [27^ bi so we may assnme Q := 
S^{S)^Y — 7^ is not empty. That is, A is not empty. Since Q is closed nnder passing to 
overgronps, S E Q and Ja{Q) ^ Q for each Q E Q. 

We will show L^{P]Q) = 0. Since Q and TZ are J^-invariant intervals that together 
satisfy the hypotheses of Lemma 12.61 the resnlt then follows from part (a) of that lemma. 
Fix a 1-cocycle t for the fnnctor Z^. To show that t is cohomologons to 0, we may assnme 
by Lemma 15.11 that t is inclnsion-normalized. Let r: T* —)■ T* be the rigid map associated 
with t. 

The proof splits into two cases. In Case 1, some member of A has order at least 4. In 
Case 2, every member of A has order 2. We now £x notation for each case. Use bars to 
denote images modnlo Gr{D). If P is a Sylow 2-snbgronp of a snbgronp H snch that 
every member of .AflP has order 2, then dehne B{P, H) to be the collection of snbgronps in 
.An P that are not solitary in H relative to P. In any sitnation, let B{P) denote the set of 
snbgronps in ^flP that are not semisolitary relative to P, and set .4.^4 = {A E A \ | A| ^4}. 
Dehne 

Ji(P) = JA^yP)-, and 
J2{P) = JA^iUB{P){P), 


so that Y ^ Ji{P) ^ A 2 (P) ^ Ja{P) whenever P ^ Y. We dehne two snbgronp mappings 
lUi and IU2 on A^{S), to be employed in the respective cases. In all cases, set IFj(P) = P 
if P does not contain Y. For P ^ Y, set 


hFi(P) 


{ Jl(P) if^;, 4 nP^ 0 ; 

J2(P) if A^4 n P = 0 and B{P) 7 ^ 0 ; and 
Ja{P) otherwise. 


and 


W2{P) = 


f Jb{s,t){S) 
\Ja{P) 

In any case, lUi(P) G Q and Wi{Wi{P)) 


whenever Jb{s,t){.S) ^ P] and 
otherwise. 

= Wi{P) whenever P E Q. 
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Set W = Wi for i = 1 or 2. Then IT(S') is normal in S', so the restriction of r to 
Nr(W{S)) is conjugation by an element z G Z{S) by Lemma iT^ a). Upon replacing t by 
tdu where u is the constant 0 -cochain defined by u{Q) = z~^ for each Q E Q, and upon 
replacing r by the rigid map associated with tdu, we may assume by Lemma [5.2f b) that 


5.4.1. T is the identity on Nt{W {S)). 


Now Wi is a L-conjugacy functor on ^(S') in the sense of Appendix lAl since Wi{P) ^ 1 
whenever P ^ \ and since all sub collections used in defining W\ are G-invariant. In case 
W = IU 2 and A = Ad{G)2, W2 is a L-conjugacy functor on ^{S) as then B{S,T) is 
weakly closed in S with respect to L by Lemma I4.141 By Theorem IB.61 the collection C of 
subgroups of S that are well-placed with respect to W forms a conjugation family for P. If a 
subgroup P is well-placed with respect to W, then so is W (P) because W{W (P)) = W (P). 
Set 


W = {QECnQ\W{Q) = Q}. 

If Q G C n Q, then W{Q) G W, and Nr{Q) ^ Nr{W{Q)). Therefore, it follows from 
Lemma [5.21( c) that 


5.4.2. if T is the identity on Nr{Q) for each Q G W, then r is the identity on T*. 


For each Q G W, the restriction of r to P = Ny{Q) is conjugation by an element 
zh ^ Z{Ns{Q)) ^ Z{Y) = P by Lemma l5^ aL Hence, if Nh{W{Ns{Q))) fixes zh, and 
and this normalizer controls hxed points in P on P, then r is the identity on P. We record 
this important observation as follows. 


5.4.3. Assume Q G W and H = Nr{Q). If r is the identity on Ny{W{Ns{Q))) and 
Cd^H) = C]:,{N{NsiQ))), then t is the identity on H. 


We now distinguish between the two cases. In each case, we prove that r is the identity 
on Ny{Q) for each Q G W by induction on the index of NgiQ) in S'. Fix Q G Q and set 
S* = NsiQ) and P = Ny{Q) for short. 

The norm arguments in dH are statements about control of hxed points in G. Each 
member of Q contains Y = Cs{D) since {T,S,Y) is a reduced setup, and so Lemma [33] 
provides the transition from control of hxed points by normalizers within G and those 
within F. We apply Lemma [3.81 implicitly for this transition in the arguments that follow. 

Case 1: Some member of A has order at least 4. 

Put W = Wi- Assume hrst that S* = S. Since Case 1 holds, the collection A^^ = 
AD{G)°^fJAD{G)° is not empty. Hence W{S*) = Ji{S) by dehnition of W. By Lemma IT6l 
fl4.2li is satished with (P, S', P, .4,^4nP, Ji(S))) in the role of the hve-tuple (G, S, P, A, H) 

of that lemma. Hence Gd{H) = Gd{Nh{Ji{S))) by Theorem 14.11 Further, r is the identity 
on Pr(hF(S')) = Ny{Ji{S)) bv 15.4.11 so that r is the identity on P bv 15.4.31 

Assume now that S* < S. If A^^ fl S'* 7 ^ 0 (that is, if Ji(S'*) > Y), then hF(S'*) = 
Ji(S'*), and Gd{H) = Gd{Nh(W{S*))) by Lemma IT6] and Theorem 14.11 as before. Since 
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S* < Ns{W{S*)) (by Lemma [B31 ( c)). t is the identity on Nr{W{S*)) by induction, so that 
r is the identity on H by 15.4.31 

Assume for the remainder of Case 1 that ^j .4 fl S* is empty. In particular, Ad{G) n S* 
is empty. However, ^ n A* is not empty since S* ^ Q ^ Q, and every member of ^ fl 
is of order 2. Moreover, 

(5.5) Q = W{Q) ^ Ja{Q) ^ Ja{S*) and Ja{S*) is elementary abelian 
from Lemma [4.8f ci. 

Assume next that B{S*) is not empty. Then 1T(S'*) = J2{S*) > Y. Since no member of 
B{S*) is solitary in H relative to S* by Remark [4.131 we see that B{S*) C B{S*,H), and 
that 

H/(^*) = J,(S*) = JrsisniS*) ^ 

Since Ja{S*) is elementary abelian and semisolitary subgroups relative to S* are invariant 
under conjugation in A’jj( J^(S'*)), Lemma fB.!! shows that iy(S'*) is weakly closed in S* 
with respect to H. Apply Lemma 14.151 with {H,S*,D,Ar\ S'*,iy(S'*)) in the role of the 
hve-tuple {G, S, D, A, J*) of that lemma to obtain the hypotheses of Theorem 14.11 which 
gives Cd{H) = Cd{Nh{W{S*))) as before. However, S* < Ns{W{S*)) since S* < S (by 
Lemma [B.5f cH. Since r is the identity on Ny'{W {S*)) by induction, we have that r is the 
identity on H by 15.4.31 

Finally, assume that B{S*) is empty. Then IF (S'*) = ^ 4 ( 5 **) by dehnition of IF, and every 
element of Mfl S'* is semisolitary relative to S'*. We will show this leads to a contradiction 
~ this is a critical step in the proof. Since Case 1 holds, Ja{S*) < J^(S'). Now Ja{S*) < 
■Ja{Ns{Ja{S*))) (by Lemma [B.5f b)). and so there exists A ^ S' with A G An ^ such that 

(5.6) A ^ Ja{Ns{Ja{S*))), but A ^ Ja{S*). 

It follows from the dehnitions that each subgroup of S'* that is semisolitary relative to S'* 
is also semisolitary relative to Ja{S*). As A normalizes J^(S'*), we see that A permutes 
the elements of A n S'* = A n J^(S'*) by conjugation. We are thus in the situation of 
Lemma 14.291 with Ja{S) in the role of P, and A n S'* in the role of T there. By that 
lemma, A normalizes every member of A n S'*. Thus A normalizes each of their preimages 
in S. However Q is generated by the preimages of a subset of A n S'* by fl5.5p . where 
1F(Q) = Ja{Q) in the current situation. Hence A normalizes Q. But then A ^ J^(S*), 
contrary to fl5.6l) . This contradiction completes the proof of Case 1. 

Case 2: Each member of A is of order 2 . 

Put IF = IF 2 and assume hrst that S* = S'. By assumption, A = Ad{G) 2 -i and so 
Ad{G) = 0 by Remark 14.51 Set J = Jb{s,h){S) and note that IF(S') = Jb{s,t){S) by 
dehnition of IF 2 . By Dehnition 14.121 every element of A that is solitary in H relative to S 
is also solitary in G relative to S. Thus H(S', T) C H(S', Lf), and 

IF(^) ^ J ^ Ja{S). 
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We saw earlier (after I5.4.ip that W(S) is weakly closed in S with respect to F when¬ 
ever A = Ad{G) 2 , which holds in the present case. So we may apply Lemma 14.151 with 
{H, S, D, AnH, W(S)) in the role of the hve-tuple (G, S', D, A, J*) of that lemma to obtain 
the hypotheses of Theorem 14. which yields Cd{H) = Cd{Nh{W{S))). Further, r is the 
identity on Nr{W{S)) bv 15.4.11 so that r is the identity on H bv 15.4.31 
Assume now that S* < S. As Ja{.S) is elementary abelian and Q G W, 

Q = W{Q) < MQ) < Ja{S), 
and Ja{S) centralizes Q. Hence Ja{S) ^ S* so that 

JAiS*) = JA{S). 

Since JB{s,r){S) ^ Ja{S)i this shows that hF(S'*) = JB{s,r){S) = hF(S'). As in the situation 
where Q was normal in S, we have that B{S, F) C B{S*, H) and that W (S'*) is weakly closed 
in S* with respect to H. Apply Lemma [4.151 with {H, S* ^ D^An H ^W{S*)) in the role 
of the hve-tuple (G, S', D, A, J*) of that lemma to obtain the hypotheses of Theorem 14.11 
which yields Cd{H) = Cd{Nh{W {S*))) as before. Further, since hF(S'*) = hF(S'), r is the 
identity on iVr(hF(S'*)) bv 15.4.11 so that r is the identity on H bv 15.4.31 This concludes 
the proof in Case 2. 

The theorem now follows from 15.4^ and Lemma [5.11 c). □ 

6. Transvections 

The aim of this section is to give a proof of Proposition 3.3 of |01il3] for p = 2 in 
Theorem 16.91 This result and the proof of |Ohl3( Theorem 3.4] give Theorem 11.11 when 

p = 2 . 

Using McLaughlin’s classihcation of irreducible subgroups of S'L„(2) generated by transvec¬ 
tions, we hrst classify in Theorem 16.21 those hnite groups which have no nontrivial normal 
2-subgroups and are generated by solitary offenders. Recall that by a natural Sm-module 
(m ^ 3), we mean the nontrivial composition factor of the standard permutation for Sm 
over the held with two elements. 

Lemma 6.1. Let G be a finite group acting irreducbily on an elementary abelian 2- group 
W. Assume that G is generated by transvections. Then Tw{G) is not empty if and only 
if G is isomorphic to a symmetric group of odd degree and W is a natural module for G. 
Moreover, in this case, Tw{G) is the set of transpositions. 

Proof. Assume hrst that G is generated by transvections on the irreducible module W. By 
a result of McLaughlin |McL69] . G is isomorphic to SL{W), or the dimension n of lU is 
even and at least 4 and G is isomorphic to Sp{W), 0~{W), 0~^{W), Sn+i, or S'n+ 2 - For the 
classical groups, Aw{G )2 is the set of transvections; for the symmetric groups, Aw{G )2 is 
the set of transpositions. In all cases, Aw{G )2 is a single G-conjugacy class. 

Fix a Sylow 2-subgroup S of G, and assume hrst that G = SL{W) with n ^ 3. Since 
Aw{G )2 is a single conjugacy class, either Tw{G) is empty or Tw{G) = Aw{G) 2 . Since 
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S is itself generated by transvections, (S 2 ) forces S to be abelian in the latter case, a 
contradiction. 

Assume that G is a symmetric group of degree n + 2 ^ 6 . We may assume S stabilizes 
the partition {{1, 2},..., {n + 1, n + 2 }}, and then {Aw{G )2 H S) is the centralizer of this 
partition. Fix A = {{2j — l,2j)) G Aw{G )2 H S, and let L = S '3 be a subgroup of G 
containing A. Then all members of Aw{G )2 H L are conjugate, and so the support of 
L is a three-element set, say {2j — l,2j,k}- Hence L does not centralize the element of 
Aw{G )2 n S moving k, and thus A is not solitary in G relative to S. 

Assume that G = Sp{W) preserves the symplectic form b. Fix a maximal isotropic 
subspace Wq stabilized by S, and let U be the unipotent radical of its stabilizer in G. 
Then all members of Aw{G )2 H S are contained in U. Let A be one of them, having 
center (e) C Wq, and let L = Fs be a subgroup of G containing A. Since two symplectic 
transvections commute if and only if their centers are orthogonal with respect to b, [W, L] 
is a hyperbolic line. Since n ^ 4, we may hnd e' G [W, L]-^ fl Wq — (e), and then L does not 
centralize the member of Aw{G) fl S with center (e -f e'). So A is not solitary. 

Assume that G is an orthogonal group preserving the quadratic form q with associated 
symplectic form b. If n = 4, then since G is generated by transvections, G = S 5 . Thus, 
we may assume that n ^ 6 . Choose a maximal isotropic subspace Wq (with respect to b) 
stabilized by S and such that Wq contains a nonsingular vector. Let U be the unipotent 
radical of the stabilizer of the radical of q|iyp. Fix a nonsingular vector e G Wq, let A ^ 17 
be generated by the transvection with center (e), and let L = S 3 he a. subgroup of G such 
that L contains A. As before, the restriction of b to [W, L] is nondegenerate, and as L 
acts on [IF,L], q|[iv,L] is of minus type. As dim(Ho) ^ 3, there is a singular vector e' 
in [hF, L]-*“ n Wq, and then L does not centralize the orthogonal transvection with center 
(e -t- e'). So A is not solitary. 

Therefore, G is a symmetric group of odd degree and hF is a natural module for G. 

For the converse, let G = S' 2 n+i (n ^ 1), H the standard G-set, and identify IF with 
the set of even order subsets of H. To show that each transposition generates a solitary 
subgroup, we may restrict our attention to T = ((2 ?t, — 1,2?t,)). Consider the partition 
{{2i — 1 , 2 i} I 1 ^ ^ n} of H — {2n + 1 }, and let S' be a Sylow 2-subgroup of G stabilizing 

this partition. Then Aw(G )2 fl S' = {((1, 2)),..., {{2n — 1, 2?t,))}. Hence, taking L be the 
symmetric group induced on { 2 n — l,2n,2n + 1 }, it is easily checked that (S1)-(S3) hold 
in Dehnition 14.121 so that T is solitary in G relative to S. □ 

Theorem 6.2. Let G be a finite group, let D be an abelian 2-group on whieh G aets 
faithfully, and set T = Td{G). Assume that 02 (G) = 1 and that G = (T) is generated by 
its solitary offenders. Then there exist a positive integer r and subgroups Ei, ..., Er sueh 
that 

(a) G = El X ■■■ X Er, T = (T n Efi U ■ ■ ■ U (T fl Er), and Ei = Srm with mi odd for 
each i; and 
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(h) D = Vi X ■ ■ ■ X Vr X Cd{G) with Vi = [D,Ei\ a natural Smi-module, and with 
[V,E,] = lfor 3 ^i. 

Proof. Set W = [D,G]Cj:){G)/Cj:i{G), and let {G,D) be a counterexample with IGI + \D\ 
minimal. We show in Step 1 that [D^G^G] = [D,G], in Step 2 that Cd/Cd(g)(G^) = I, 
in Step 3 that G is faithful on W with W = [hh, G] and GwiG) = 1 , in Step 4 that the 
theorem for {G,W) implies the theorem for {G,D), and in Step 5 that W is irreducible. 
The theorem then follows from Lemma 16.11 We prefer to give essentially complete proofs 
from hrst principles. 

When D > Di > ■ ■ ■ > Dk > 1 is a chain of G-invariant subgroups of D (or of any other 
abelian p-group with faithful action from G) we say for short that a subgroup K of G acts 
nilpotently on the chain if K acts trivially on successive quotients. If a subgroup K acts 
nilpotently on such a chain and k ^ 1, then K ^ 02 (G) by |Gor 8 n( Theorem 5.3.3]. 

Step 1 : For each T ^ T, choose a subgroup L of G such that L ^ T and L = S 3 as 
in Dehnition 14.121 Then [D,T] ^ [0,L] ^ [-D,G] and [D,L,L] = [D,L] by (SS3), so 
that [D,T] ^ [D,L,L] ^ [0,G, Gj. Hence T centralizes G/[0,G,G]. It follows that 
G centralizes G/[0,G, G] since G = (T) and the choice of T was arbitrary. That is, 
[D,G] ^ [0,G, Gj. Since the reverse inclusion holds, we conclude that [D,G] = [0,G, Gj. 

Step 2 : Let Di be the preimage of Gd/Cd{g){G) in D. Suppose that Di > Gj:,{G). Then 
G£)(G) > 1. As before £x T G T and choose L as in Definition 14.121 for T. Then 0‘^{L) 
acts nilpotently on the chain Di > Gd{G) > 1. Since 0‘^{L) is of odd order, it centralizes 
Di. Hence, by (S3), 

Di ^ Gd{0\L)) = Gd{L) ^ Gd{T). 

That is, T centralizes Di. We conclude that G centralizes Di since G = (T), and since the 
choice of T was arbitrary. This contradicts Di > Gj:,{G). Therefore, Di = Gd{G). 

Step 3: Set W = [D, G]Gd{G)/Gd{G) as above. 

Using faithfulness of G on D and the assumption 02 (G) = 1, we see that 

(6.3) W > 1 

since otherwise G acts nilpotently on O > GoiG) > 1. Let K be the kernel of the action 
of G on W. Then K acts nilpotently on the chain D ^ [0,G]G£)(G) > Gd(G) ^ 1, with 
the strict inclusion from fl6.3p . and hence K ^ 02 (G) = 1. We conclude that 

(6.4) G is faithful on W. 

By Steps 1 and 2, 

(6.5) W = [W,G] and Gw(G) = 1. 

Step 4 : Assume now that G is a direct product of symmetric groups Ei of odd degree 
ruj and that lU is a direct sum of natural modules W for E^ (1 ^ i ^ r) satisfying 
[Wj, Ej] = 1 whenever j 7 ^ i. Then part (a) holds for G and D, so we need only show part 
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(b). Set Vi = [D,E-\\. Then under the projection from D onto D/Cd{G), Vi maps onto 
[W, El] = Wi- On the other hand, we may choose mi — 1 elements Ti,..., T^i-i E T HEi 
corresponding to adjacent transpositions that generate Ei, and see that 

1^2^7711 —1 

since |[Z7,Tj]| = 2 for each 1 ^ i ^ mi — 1. Hence Vi = Wi is a natural i?i-module. It 
follows that Cd{Ei) O Vi = 1. Moreover, 

|d/Cd(£i)I = l-D/(n.CD(r,))| < n T/CD(ri)l = 2”--‘ = |r,|. 

since \D/CDiTi)\ = 2 for each i. We conclude that D = Vi xCd{Ei). In the case that r = 1, 
this shows that (b) holds for G and D. Otherwise, apply induction (on r) to E 2 - ■ ■ Er, 
T n £'2 ■ • ■ Er, and Cd{Ei) to obtain 

D = Vi X ■ ■ ■ xVr X Cd{Ei ■ ■ ■ Er) 

yielding part (b) in general for G and D. 

Step 5 : We next show that W is irreducible for G. Assume on the contrary that Wi is a 
nontrivial proper G-invariant subgroup of W. Set 

ri = {Ter|[w,T]^iyi}, 
r2 = {Ter| [Wi,T] = i}, 

Gi = (7i), and G 2 = (T^)- Then Gi and G 2 are normal in G. 

Let T & T — Ti- Then 

1 < [Wi,T] ^ [VT,T] ^ [D,T]Gd{G)/Gd{G), 

so as |[£,T]| = 2, all these inclusions are equalities. In particular, [VT, T] = [ITi,T] ^ VTi, 
which yields T G Tj. Hence 

(6.6) r = TiUT 2 and G = G 1 G 2 . 

Set K = Gg(VH/VLi) nGG(VHi). Then K acts nilpotently on the chain W > Wi > 1, and 
so K ^ 02 (G) = 1 by (16.4p and assumption on G. Since [Gi, G 2 ] ^ Gi O G 2 ^ LV, we see 
that 

(6.7) Tl n 72 = 0 and G = Gi x G 2 
from (16.6p . 

Now [IT, Gi, G 2 ] = 1 by construction and [Gi, G 2 , IT] = 1 from (16.7p . so [IT, G 2 , Gi] = 1 
by the Three Subgroups Lemma. Hence [IT, G 1 G 2 ] = [IT, Gi][IT, G 2 ]. Further, [IT, Gi] fl 
[IT, G 2 ] ^ Giy(GiG 2 ), which is the identity by (16.51) . and so 

(6.8) 


W = [W, G] = [W, Gi] X [W, G2] 
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again by (I6.5p and (Ib.bh . 

Finally, 7i is not empty since otherwise G = G 2 centralizes Wi contrary to (16.5^ . Sim¬ 
ilarly, % is not empty. Hence 1 < |Gi| < |G| and 1 < IG 2 I < |G|- One then checks 
that T G Tfc is solitary in Gk (on H4, k = 1,2), using (16.Sp and the fact that an L = S '3 
containing T in G is generated by G-conjugates of T. 

Induction applied to (Gi, Wi) and (G 2 , W 2 ) now yields the theorem for (G, W). By Step 
4, (G, D) is not a counterexample. We conclude that W is irreducible for G as desired. In 
particular, W is elementary abelian, and each element of T induces a transvection on W . 

Now Lemma 16.11 shows that G is a symmetric group of odd degree and IF is a natural 
module for G, and T is the collection of subgroups generated by a transposition. Again by 
Step 4, (G, D) is not a counterexample. □ 

Proposition 6.9. Let {r,S,Y) be a general setup for the prime 2. Set = J^ 5 (r), 
D = Z{Y), and G = F /Gr{D). Let TZ C be an T-invariant interval such that for 

each Q G y{S)^Y, Q &TZ if and only if Jad{g){Q) ^ Then L^{iF]7l) = 0 for all k ^ 2. 

Proof. Assume the hypotheses of the proposition, but assume that the conclusion is false. 
Let (F, S, Y, TZ, k) be counterexample for which the four-tuple (fc, |F|, |F/F|, \TZ\) is minimal 
in the lexicographic ordering. Steps 1-3 in the proof of |01il3l Proposition 3.3] show that 
7Z = {P ^ S I Jad{g){.P) = ^}) ^ = 2, and (F, S', Y) is a reduced setup. 

Let Q = J^(S) '^Y 'IZ and ./4 ./4/^(G^) U ./4/^(G^) . Since (F, S', F^) is a counterexample. 

Theorem 15.41 shows that 

6 . 9 . 1 . A = Td{G). 

That is, Ad{G) is empty and every best offender minimal under inclusion is solitary in 
G relative to S. Since Lf{J^]TZ) 7 ^ 0, we see that 

6 . 9 . 2 . L\J^,Q)^t). 

from Lemma 12.61 We prove next that 

6 . 9 . 3 . G = {A). 

Proof. Let Gq = (.A). Let Fq be the preimage of Gq in F, set Sq = SPiFq, set JS) = Psoi.P'o), 
and set Qq = A^{So)^y H Q. Then Fq < F and by fl6.9.ip . we have Y ^ Sq. Further, 
(Fq, Y, So) is a reduced setup and Qo is an JS)-invariant interval. Since each member of A 
is contained in Go, we have Fq fl Q G Q for each Q E Q. By Lemma [221 the restriction 
map induces an injection L^{iF; Q) Qo) and so Qo) 7 ^ 0 bv 16.9.21 Hence 

F = Fq by minimality of |F|. □ 

Therefore, G and its action on D are described by Proposition [621 We adopt the notation 
in that proposition for the remainder of the proof. In the decomposition of part (b) there, 
each Vi is G-invariant and so each is S-invariant. Thus, the centralizer of S in H factors as 

6 . 9 . 4 . Gd{S) =Gv,iS)x---x Gy^S) x GoiG). 
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Fix an inclusion-normalized 1-cocycle t for representing a nonzero class in Q) 

bv 16.9.21 and let r: F* —)■ F* be the rigid map associated with t. We show next that 

6.9.5. r = 1. 

Proof. We assume r > 1 and aim for a contradiction. Let Gi = Ei and G 2 = E 2 - ■ ■ Ej.. 
For i = 1,2, let Ki be the preimage of Gi in F, and set Fj = KiS and Ei = EsiTi). We 
have that Fj < F by assumption and that (Fj, S, Y) is a general setup. Hence L^{Ei] Q) = 
L‘^{Ei]TZ) = 0 by minimality of |F|. As the restriction of t to 0{Ef) represents the zero 
class, there are elements Zi G Gd{S) bv 16.9.41 such that Zi G [D,Gi\ ^ GoiG^-i) and such 
r is conjugation by Zi on (Fj)*. Set t' = tdu where u is the constant 0-cochain dehned by 
u{P) = {ziZ 2 )~^ for each P E Q. Then by Lemma [521(b), upon replacing t by t' and r by 
the rigid map t' associated with F, we may assume that r is the identity when restricted 
to (Fj)* for each z = 1, 2. 

The objective is now to show that r is the identity on F*. Let W be the F-conjugacy 
functor dehned by W{P) = Ja{P) for each P ^ Y, and by W{P) = P otherwise, and let 
C be the collection of subgroups P of S' such that W{P) = P and P is well-placed with 
respect to W. Since Nr(P) ^ Nr(W(P)) and W(W(P)) = W(P) for each P ^ S, the 
collection C is a conjugation family for E. It thus suffices to show that r is the identity on 
JVr(Q) for each Q E C H Q hy Lemma [521(c). 

Let Q E C n Q, so that the image of Q in G is generated by members of A. It then 
follows from Proposition I6.2f a) that Q = Q1Q2 with QiPQ2 = Y, where Qi and Q2 are 
the projections in Gi and G2 of Q. If it happens that Qi ^ Q for z = 1 or 2, this means that 
Qi = Y. Since Y ^ Q but Q E Q, we may assume without loss that Q2 E Q. Now Q is 
well-placed and W(Q) = Q, so that Q is fully P-normalized. A straightforward argument 
shows that Q2 is also fully P-normalized. 

Let g E Nr{Q 2 ), and write g = gig 2 with gi E Ki. Since Ns{Q 2 ) is a Sylow 2-subgroup 
of Nr{Q 2 ), we have by Lemma [3781 that Nr{Q 2 ) = Nc{Q 2 ), and the latter is Gi x Ng 2 {Q 2 )- 
Since gi E Gi centralizes Q 2 , we may write gi = hiCi where hi E Gri(Q 2 /h') ^ Ny^{Q 2 ) 
and Cl G Gy{D). So as hi E (Fi)* and Cig 2 G (F 2 )* (both send Q2 to Q2), we see that r 
hxes g. We conclude that r is the identity on A^r(Q 2 )- However, then r is the identity on 
Nr{Q) since A^r(Q) ^ Ar(Q 2 )- We conclude that r is the identity on F*, a contradiction. 
Thus, r = 1 as desired. □ 

By 16.9.51 we may £x m = 2n -|- 1 such that G = Ei = Sm and write for the set of even 
order subsets of {1,..., m}. Identify G with Sm and V := Vi with fl. We may assume that 
S stabilizes the collection {{2z —1, 2z} | 1 ^ z ^ n}. For each 1 ^ z ^ zz, set Zj = {1,..., 2z}, 
set z'i = {2z -|- 1,..., 2n}, and let Qi be the preimage in S of ((1, 2),..., (2z — 1, 2z)). Then 
GviNriQn)) = (zn), and 

(6.10) Gv{Nr{Qi)) = {zi) < {zi, z'f) = Gi/(A'r(Qi) n A^r(Qn)) and z^ = Ziz'i. 
for all 1 ^ z C n — 1. 
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Set r„ = Cr{zn) (the setwise stabilizer of Zn). Then S ^ Nr{Qn) ^ T^, C'y(S') = {zn), 
and the image of T^ in G is isomorphic with S 2 n- Since (T^, S, Y) is a general setup and 
not a counterexample, we may adjust t by a coboundary and assume that 

(6.11) r is the identity on T*. 

Arguing as before, it suffices to show that r is the identity on Nr{Q) for each Q G QnJ^-^ 
with Q = Ja{Q)- Each Q with these properties is J^-conjugate to Qi for some 1 ^ i ^ n, 
so it suffices to prove that r is the identity on Ar(Qi) for each such i. 

Now for i = n, we have that N-p{Qn) Y T*, and so r is the identity on this normalizer 
by fl6.1ip . Hence n ^ 2 since T is a counterexample. Since Zn-i centralizes Nr{Qn-i) and 
Zn = Zn-iZn_i by fl6.10p . if necessary we may replace t hj t' = tdu where u{P) = Zn for 
each P E Q, and obtain that r is the identity on N-p{Qn-i)- Then r remains the identity 
on T*, since Zn E Cy(r*), and since the rigid map associated with du is conjugation by Zn 
on T*. Thus, n ^ 3 since T is a counterexample. 

Finally, fix i with 1 ^ i ^ n — 2. Then N-p{Qi) = NG{Qi) by Lemma 13.81 Since 
Qi = ((1, 2),..., (2z — 1, 2i)), we see that NciQi) = Gi x G'i where Gi = G 2 I Si moves the 
first 2i points, and where G[ = Sm- 2 i moves the remaining points in the natural action. 
Thus, we may write A^r(Qi) = TjT' with Tj n T' = Gy{D) fl A^r(Qi), f j = G*, and f' = G'. 
Fix g E A^r(Qi) and write g = gigl where gi E Tj and g'i E T'. Then gi E T*, and r is 
the identity on T*, so r fixes gi. But T' is generated by T* fl T' and iVr(Qn-i) H T' by 
Lemma [B. 31 and so r fixes g'^ as well. Hence r is the identity on N-p{Qi), and together with 
our reductions, this implies that r is the identity on T*. Now Lemma IS.lf c) shows that 
this is contrary to our choice of t. □ 

Appendix A. Modified norm argument 

Given a group G and two nonempty subsets X and Y of G, define the product set 

X - Y = {xy \ X E X,y eY}. 

Definition A.l. Let G be a finite group and V an abelian group on which G acts. Let X 
be a subset of G. 

(a) A subset Y of G is a transversal to X in G if for each g E G, there are unique 
X E X and y eY such that g = xy. 

(b) The norm from X to G relative to the transversal Y is the group homomorphism 

Cv{X)^ Gy(G) given by u ^ liyaY^v. 

Given a subset X, a transversal X to X in G, and an element g E G, one sees that the 
map y I—)■ j/g is a bijection Y ^ Y, where yg eY is the unique element such that yg = xyg 
for some x E X. Hence the image of does indeed he in Gy(G). 











30 


GEORGE GLAUBERMAN AND JUSTIN LYND 


Lemma A.2. Let P be a finite p-group, let V an abelian group on which P acts, and let 
Q and R be subgroups of P. Then there exists a transversal to Q ■ R in P, and = 
^Q-R-,Y'^QnR\cv{R) transversal Y. 

Proof. This is a combination of Lemmas Al.l and Al.2 in |Gla71] . with the statement on 
norms following from Lemma Al.l(a) there and Dehnition lA.lf b) here. □ 


Theorem A.3. Suppose G is a finite group, S is a Sylow p-subgroup of G, and D is an 
abelian p-group on which G acts. Let A be a nonempty set of subgroups of S, and set 
J = (A). Let H be a subgroup of G containing Ng{J), and set V = Qi{D). Assume that 
J is weakly closed in S with respect to G, and that 

(A.4) whenever A E A, g E G, and A ^ , then = lonV. 

or more generally, 

(A.5) whenever g E G and J ^ , then = 1 onV. 

ThenGniH) =Gd{G). 


Proof. We follow the argument from |Gla711 Theorem Al.4]. Let 77 be a subgroup of G 
containing Nq{J). Then S ^ H since J is weakly closed in S with respect to G. 

In the situation of flA.Sp . there is A E A with A ^ J D H^, since J = {A). Then 
An{Jr\H^) = ADH^, and we see that flA.5l) follows from flA.4l) upon applying Lemma ED 
with J, A, and J fl in the roles of P, Q, and P, respectively. 

Thus, we assume flA.5l) and prove Gd{H) = Gd{G) by induction on the order of D. We 
may assume P > 1. The p-th power homomorphism on D has kernel V and image 0^(P), 
and so DjV = 15^{D). Since 0^(P) < D and r2i(G^(P)) ^ V, the pair {G, satishes 

the hypotheses of the theorem in place of (G, D). Thus 


(A.6) Go/viG) = Gd/v{H). 

by induction. 

Let 2 ; E Gd{H) and suppose hrst that (V, z) < D. The coset Vz is hxed by H, and so it 
is hxed by G by flA.61) . Thus, (V, z) is G-invariant. Apply induction with (V, z) in the role 
of D to obtain that 2 ; E Gd{G) as required. 

Next assume that {V, z) = D and V < D. Then Gv{H) = Gy(G) by induction. Set 
z' = Then z' E Gd{G) ^ Gd{H)- Since Vz is G-invariant, z' = modulo V. 

Then as |G : i7| is prime to p, we see that (V, z') = D and 

^ e Gd{H) = Gv{H){z') = Gv{G){z') = Gd{G) 


as required. 

Finally assume that V = D. Given a set [i7\G/J] of H-J double coset representatives in 
G containing the identity, and a transversal [J/JflTT^] to in J for each g E [i7\G/J], 
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then the disjoint union of g[J/ J H H^] as g ranges over [H\G/J] is a transversal to H in 
G. Further, — ^j(^) = Thus, the norm map decomposes as 

(A.7) <n°(z)= n 9 'Lh.L‘') = ^ n 

9&[H\G/J] g&\H\G/J]-{l} 


If (7 G [H\G/J] — {1} and J ^ then we may choose h E H such that ^ 

S. Then g~^h G Nq{J) ^ if, since J is weakly closed in S with respect to G, and so 
HgJ = Hh~^gJ = H yields g = 1 hy our choice, a contradiction. Thus, J ^ for each 
g G [H\G/ J] — {1}. We conclude that 
Z = m^{z) G Gv{G) from fIXTl) . 


^1 = 1 for each such g from flA.Sp . and then 

□ 


Appendix B. Conjugacy and conjugacy fungtors 


We give here some elementary lemmas from hnite group theory that are needed at various 
places in the paper. We also discuss the notion of a T-conjugacy functor W, and describe 
how it gives rise to the T-conjugation family of subgroups well-placed with respect to W, 
which is also a conjugation family for the fusion system of T. 

Lemma B.l (Burnside). Let G be a finite group and S a Sylow p-subgroup of G. Assume 
that J is an abelian subgroup of S that is weakly elosed in S with respect to G and that 
X and Y are subgroups of J. If X and Y are conjugate in G, then they are eonjugate in 

Ng{J). 

Proof. Assume X and Y are conjugate in G, and £x 77 G G with X^ = Y. Since (f, J^) ^ 
Gg{Y), we may choose h G Gg{Y) such that (J^, J^) is a p-group. Choose 771 G G with 
^ S. Then = J = since J is weakly closed in S with respect to G. 
Thus, gh~^ G Ng{J), and X^^ ^ = Y^ ^ = Y since h~^ centralizes Y. □ 

The following lemma gives an alternative, more elementary, argument for Lemma I5.2f a) 
using the norm map. One should apply it there by taking (Ar(Q), Ns{Q), Q, r) in the role 
of (T, S, Y, t) below. 

Lemma B.2. Let (T, S', Y) be a general setup for the prime p and r an automorphism of 
T centralizing S and having order a power of p. Then r is conjugation hy an element of 
Z(S). 

Proof. Set D = Z{Y) for short. Denote by T = r(r) the semidirect product of T by (r), 
and set S = S{t) = S x (r) and t) = D{t) = D x {t). Then Y and D are normal in f, 
and D = Gf{Y), so that D is normal abelian in T. 

Consider the norm Dd := Gp(S) — )• G 75 (f), and set n = |r : S|. Since f centralizes 
D/D and since n is prime to p, the restriction Tt|(T-) is injective. Choose an integer m 
such that mn = 1 (mod |D|). Then Od(r) = r" (mod D) and Tt(r)™ = r (mod D). Let 
a = Tl(r)™', and choose d E D with a = rd. Then r = d~^ modulo ZiV) since T centralizes 
a. Further, since S centralizes r, we see that d E Gp(S) (1 D = Z{S), as desired. □ 
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Lemma B.3. Let n ^ 2 and let G he the symmetric group S 2 n+i- Set 

Ri = ((1, 2), (3,4),..., ( 2 ? 7 , — 1, 2n)), and 
i?2 = ((l,2),(3,4),...,(2n-3,2n-2)). 

Then G is generated by Ng{Ri) and Ng{R 2 )- 

Proof. Let H = {Ng{Ri), Ng{R 2 )) and = {1, 2,..., 2n + 1}. Now Ng{Ri) is transitive 
on — {2n + 1}. Similarly, Ng{R 2 ) is transitive on — {2n — 1, 2n, 2n + 1} and contains a 
subgroup inducing the symmetric group on {2n — 1, 2n, 2n + 1}. Therefore, H is transitive 
on and the stabilizer of 2n + 1 in if is transitive on — {2n + 1}. Since H contains the 
transposition (2n, 2n + 1) and is 2-transitive on fl, it contains all transpositions. Hence, 
H = G. □ 

We next give the background on conjugacy functors and well-placed subgroups, which 
are used in ^ and ^ 

Definition B.4. Let L be a hnite group with Sylow p-subgroup S. A T-conjugacy functor 
on S^{S) is a mapping W : ^{S) —)■ S^{S) such that for all P ^ S, 

(a) W{P) ^ P; 

(b) W{P) 7 ^ 1 whenever P = 1; and 

(c) W{Py = W{Py whenever g eT with P>^ ^ S. 

Lemma B.5. Let T be a finite group, S a Sylow p-subgroup ofV, and W a T-conjugacy 
functor on ^{S). Then for all P ^ S, 

(a) Ns{P) ^ Ns{W{P)); 

(b) W{P) = W{NsiW{P))) if and only ifW{P) = W(^); and 

(c) P = Ns{W{P)) if and only if P = S. 

Proof. Let P ^ S and T = Ar 5 (W(P)). Part (a) holds by Definition IRAT cL If W{T) = 
W(P), then by (a), NsiT) ^ NsiWiT)) = Ns{W{P)) = T, so that T = S and W(P) = 
W{T) = W{S). Now (b) holds since the converse is clear. 

If P = T, then again Ns{P) ^ T = P, so that P = S. Now (c) holds since the converse 
is clear. □ 

A P-conjugacy functor W on ^{S) can be uniquely extended to a P-conjugacy functor 
W in the sense of |Gla711 §5]: given a p-subgroup P of P, choose g E T with P^ ^ S and 
dehne W (P) = W (P^)^ . Then LP is a mapping on all p-subgroups of P which is uniquely 
determined by (b). 

Each P-conjugacy functor W gives rise to a conjugation family via its well-placed sub¬ 
groups. A conjugation family for the fusion system P over S' is a collection C of subgroups 
of S such that every morphism in P is a composition of restrictions of P-automorphisms 
of the members of C. A conjugation family C for S' in P in the sense of |Gla711 §3] is itself 
a conjugation family for Ps(r) in the above sense. 
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For a F-conjugacy functor IV on V^(S) and a subgroup P ^ S, define Wi{P) = P and, 
for all i ^ 2, define inductively Wi{P) = W{Ns{Wi-i{P))). Then P is said to be well-placed 
(with respect to hF) if Wi{P) is fully J^ 5 (F)-normahzed for alH ^ 1. 

Theorem B.6. Let F be a finite group, S a Sylow p-subgroup ofV, and W a T-conjugacy 
functor on V^{S). Then every subgroup of S is V-conjugate to a well-placed subgroup of S. 
The set of well-placed subgroups of S forms a conjugation family for Psifi) ■ 

Proof. This is a combination of Lemma 5.2 and Theorem 5.3 of jGlaTlj . given the above 
remarks. □ 
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